For the purposes of seismic propagation, a slip fault may be regarded as a surface across which the displacement caused by a seismic wave is discontinuous while the stress traction remains continuous. The simplest assumption is that this slip and the stress traction are linearly related. Such a linear slip interface condition is easily modeled when the fault is parallel to the finite-difference grid, but is more difficult to do for arbitrary nonplanar fault surfaces. To handle such situations we introduce equivalent medium theory to model material behavior in the cells of the finitedifference grid intersected by the fault. Virtually identical results were obtained from modeling the fault by (1) an explicit slip interface condition (fault parallel to the grid) and (2) using the equivalent medium theory when the finite-difference grid was rotated relative to the fault and receiver array. No additional computation time is needed except for the preprocessing required to find the relevant cells and their associated moduli. The formulation is sufficiently general to include faults in and between arbitrary anisotropic materials with slip properties that vary as a function of position.
INTRODUCTION
A fault is modeled as a fracture surface across which the traction is taken to be continuous (assuring finite particle acceleration), yet displacement is allowed to be discontinuous (slip occurs). The simplest model that accounts for the effect of such a surface on seismic waves allows the displacement discontinuity vector and the traction vector to be linearly related by a "fracture compliance matrix," Z, i.e., Au=Zf•n, (1) where Du is the displacement discontinuity vector, and Q • n is the stress traction acting across the fracture (n is the unit normal to the fracture). The compliance matrix Z has dimensions length/stress. This is the linear slip deformation model, for example see Schoenberg (1980) , Pyrak-Nolte et al. (1990a) , although there has been earlier work considering similar formulations. This linear relationship is consistent with the usual seismic approximation of infinitesimal strain. In addition, there has been some experimental verification of the model in Pyrak-Nolte et al. (1990b) and Hsu and Schoenberg (1993) .
This linearity condition is quite general, otherwise allowing for a completely anisotropic fracture response and also damping in the fracture response. The latter is achieved by allowing the fracture compliance matrix Z to be a complex function of frequency with equation (1), then holding in the frequency domain and symbolizing a convolution in the time domain.
Essentially equation (1) is a boundary, or an interface, condition. In a finite difference algorithm it can be implemented by requiring a displacement jump across grid points on either side of the interface, proportional to the local (continuous) stress traction. Accurate implementation of such a displacement jump is relatively simple, even with Z being a function of position on the fault plane, providing the interface lies along a given plane of the finite difference grid. Finite fractures can be considered simply by taking Z = 0 at locations on the plane exterior to the fracture, the only remaining question being exactly how Z -^ 0 at the termination of the fracture, i.e., should Z vanish abruptly or taper off (and if so how).
The question posed here is: "How may such a linear slip fracture be modeled when the fracture is at an angle to the finite difference grid?" To be included is the possibility that the fracture surface is not planar but a curved surface. The basic answer is that in each finite-difference cell intersected by the fracture, the elastic medium within the cell surrounding the fracture, together with the embedded segment of the fracture, are replaced by a suitable equivalent anisotropic medium. In two dimensions (2-D), cells are rectangles, and the fault is specified by a curve lying in the plane of wave propagation, the vertical x, z-plane, with waves generated by line sources parallel to they-direction. In three dimensions (3-D), cells are rectangular parallelepipeds and the fault is a general smooth surface. The examples shown here consider only 2-D propagation with planar faults.
EQUIVALENT MEDIUM THEORY FOR ROCK

NEAR A FRACTURE
Equivalent medium calculus is used to calculate the elastic parameters that are associated with a given cell through which the fault passes. From knowledge of the equivalent medium in each cell, it is a standard task to define the appropriate quantities to each point of the finite-difference grid. Muir et al. (1992) showed how the elastic parameters could be found for a cell enclosing an interface between two elastic media. The idea was to use the equivalent layered medium for the cell, where the layers were assumed parallel to the interface and the relative amount of each constituent was proportional to the amount of that constituent within the cell.
A fault or fracture, denoted by the dashed line in Figure 1 , passing through a 2-D cell of area DA can be treated in a similar fashion. Consider the shaded region of area h0C surrounding the fault (here AC is the length of that segment of the fracture lying within the cell) and let the elastic moduli of that shaded region be proportional to h. In conventional condensed notation, the 6 x 6 elastic modulus matrix in the coordinate system of the fault, i.e., with x 3 normal to, and x 1 tangent to, the fault, may be written,
Fio. 1. A fault (dashed line) passing through a 2-D cell of area AA. Al is the length of the fault segment lying within the cell and h is the "thickness" of the fault (which in the limit goes to zero).
so the cy have dimension stress/length. In the limit as h -* 0, the group element associated with the fracture in the fault coordinate system is, ,
Adding this to the group element of the nonfractured rock occupying the same cell of area DA, also in the fault coordinate system, and inverting to find the compliance matrix of the equivalent medium, yields the 6 x 6 compliance matrix, (Nichols et al., 1989 , Hood, 1991 , where the subscript b denotes the background compliances, and the subscriptf denotes the excess compliance of the cell as a result of the fault being modeled as a fracture surface.
This carries over exactly to the 3-D case except AA is replaced by AV, the volume of the cell, and A e is replaced by Da, the area of the fault or fracture lying within the 3-D cell volume. In either case, define L for each cell intersected by the fault so that,
Inverting the compliance matrix, equation (4) gives the stiffness matrix for the cell in the fault coordinates system. In particular,
A rotationally symmetric fault or fracture has a fracture compliance matrix of the form,
where Z T is the tangential compliance of the fracture and ZN is the normal compliance of the fracture (Schoenberg, 1980) . In this case, from equation (4) 
Thus, from equation (5),
If the background medium is isotropic with Lame parameters X and µ, the medium equivalent to a rotationally symmetric fault embedded in a cell of the isotropic background medium is transversely isotropic with its symmetry axis perpendicular to the fracture. The matrix in equation (8) reduces to parameters vary from cell to cell as a result of L varying from cell to cell. The final step is to obtain the components of the stiffness matrix in the grid coordinate system. In 2-D, this entails a coordinate transformation about the y-axis; in 3-D the rotation to grid coordinates consists, in the most general case, of rotations about the three Euler angles. and in this case the inversion is quite simple. The explicit form of the equivalent medium stiffness matrix in the coordinate system of the fault from equation (5) is,
where v is the background Poisson's ratio. The examples shown in this paper are calculated using a standard staggered-grid, velocity-stress 2-D algorithm (Virieux, 1986) where the different components of the stress tensor are defined at different places. We shall be concerned with several overlapping arrays of such cells associated with the various components and distinguish between these arrays of cells only where necessary. Figure 2 shows the staggered grid and the locations at which the different components of the stress and velocity are defined. Similarly, the density and the various elements of the elastic tensor are required at different locations. The density is needed where the velocities are defined, the elements c 1 and c 31 , i = 1, ... , 6 are required where the diagonal stresses Qom , cr are defined, and the components c 51 , i = 1, ... , 6 are required where the off-diagonal stress QXZ are defined.
Usually all medium parameters are specified initially at one point within the cell, for example at the diagonal stress locations. The parameters are then interpolated to where they are required using suitable interpolation functions. Muir et al. (1992) showed that it was preferable, particularly in the presence of strong variations (interfaces), to use effective media theory to correctly weight the effects of the different media within each cell according to their volume and orientation. This requires more detailed information concerning the location of the interface and a slightly more complicated calculation than simple averaging, but the extra cost of precomputing these medium parameters are negligible.
We follow Muir et al. (1992) but the situation is slightly more complicated because the different elements of the elastic stiffness matrix are required at different points on the staggered-grid as explained above. This minor complication is included easily where necessary by staggering the cells used to calculate the different components of the effective media. Of course this complication is not present at all in formulations (e.g., pseudospectral) where all the variables are located at the same points.
The variables required for the effective medium calculation in each cell are the length of the fault (area of fault plane in 3-D) in each cell, its orientation, and the local value of the fracture compliance matrix Z. We choose to describe faults as a polynomial in the horizontal coordinate x. At each value of x = ids, i = 0, ... , imax, the polynomial is evaluated and a linear interpolation between adjacent values is carried out enabling the length of fault intersecting each cell and its orientation to be obtained using trivial algebra (Figure 3 ). The effective medium for each cell may then be calculated using these values and the theory outlined in the previous section.
In a general model some parts of the fault may lie between identical media, and the process outlined above will suffice. However, the fault will often separate different media because of a finite throw along the fault. In this case, an effective medium for the two media, in the absence of the fault, may be calculated using the effective medium calculus as in the case of a bonded interface (Muir et al., 1992) , and this intermediate effective medium and the fault may be combined as described above. There are two steps in validating this modeling method. The first step, which we will address here, compares results generated by the effective medium modeling with those produced by an explicit implementation of the boundary conditions, equation (1). The implementation of the explicit boundary conditions are outlined in Appendix B, and numerical comparisons are shown in the next section.
The second step in the validation process concerns the accuracy of the linear slip condition itself. This can be assessed only by comparison with field data and is not the subject of this paper. Similar work is needed to address the question of slip variation near the end of faults: does slip stop abruptly or taper off gently, or does the fault terminate in an extended zone of highly damaged material?
NUMERICAL EXAMPLES
In this section, we present modeling results designed to validate the effective medium model of the fault boundary conditions given in equation (1). To achieve this we show synthetics generated using the effective medium theory and using the explicit implementation of the boundary conditions outlined in Appendix B.
The case we examine is a horizontal fault in a transversely isotropic (TI) medium. The medium parameters are those of Greenhorn Shale (Jones and Wang, 1981) , i.e., c 11 = 22.70 GPa, c 33 = 34.30 GPa, c 13 = 10.70 GPa, and c55 = 5.40 GPa with the 1-direction taken horizontal (parallel to the fault) and the 3-direction vertical (normal to the fault). The density is p = 2.37 g/cm 3 . Note that in the strictly 2-D cases we shall examine and for polarizations in the plane of propagation, a TI medium is indistinguishable from a symmetry plane of an orthorhombic medium. Figure 4 shows the experimental geometry. The receiver arrays at which vertical and horizontal particle velocity are recorded are arranged horizontally above and below the fault at a distance of 150 m from the fault. The maximum source-to-receiver vertical offset is 380 m. The fault itself is 760 m long with a boxcar compliance matrix falling abruptly to zero at each end. Within the boxcar, ZN = 0.102/c 11 and ZT = 0.2&/c 55 . This corresponds to an extra displacement across the grid containing the fault of approximately 10% for motion normal to the fault and 20% for transverse motion.
The source is located above the center of the fault and 150 m from it. The source wavelet is the second-derivative of a Blackman-Harris window with a duration of 10 ms and a dominant frequency of 100 Hz. The source is implemented as an excess isotropic stress by adding the same time series to each diagonal stress. We use a staggered-grid, velocitystress, finite-difference scheme (Virieux, 1986 ) with fourthorder spatial differencing and second-order temporal differencing. The spatial-grid step is 1 m and the time step is 0.1 ms.
The direct signal, in the absence of the fault, is shown in Figure 5 . The effect of the anisotropy is reflected in the presence of shear waves visible between 0.2 s and 0.27 s. In the examples presented below only the difference between the synthetics in the presence and absence of the fault will be shown.
First we examine the synthetics obtained when the fault lies parallel to the grid. Figure 6 shows synthetics generated using the explicit implementation (Appendix B) and the effective medium theory plotted on top of one another. The two methods produce results identical to within the thickness of a line. This result reflects the fact that the apparent stiffnesses implied by the explicit implementation (see equation (B-4)) are equivalent to those generated by the effective medium calculus. Note the waveform of the scattered signal is approximately one-time derivative of the incident signal. This is in agreement with the analytic reflection and transmission coefficients derived in Appendix A.
A more realistic test is shown in Figure 7 . This relates to the case where the fault lies at an angle to the computational grid. To enable a comparison to be made with an explicit implementation of equation (1) we have rotated the fault about its central point through 45 0 . The source and receiver arrays have been rotated likewise to maintain the same relative location and orientation. Thus, the physical geometry of the experiment is unchanged, only the orientation of the computational grid has altered. Figure 7 is analogous to Figure 6 . The synthetics generated using the explicit implementation, with the fault parallel to the grid, are overlain by the results calculated using the effective medium theory and the fault intersecting the grid at 45°. The fit between the two approaches is excellent once again, indicating that the effective medium is an adequate implementation of the fault boundary condition, equation (1), when the fault lies at an oblique angle to the grid.
As a final example, we show a simple faulted layer model with a reverse VSP geometry, Figure 8 . Both formations are isotropic. The parameters of formation 1 are A + 2µ = 22.70 GPa, p = 5.40 GPa, and density p l = 2.37 g/cm 3 . Formation 2 differs only in that the density is P 2 = 2.844 g/cm 3 , i.e., increased by 20% over formation 1. The scattered field in the presence of the fault plane is shown in Figure 9 (the direct wave is not shown). This includes the effect of the step in formation 2 and the slip interfaces. Figure 10 shows the scattered field generated with the slip interface alone, i.e., the effects of the impedance contrasts have been calculated assuming a welded fault plane and subtracted from Figure 9 . Figure 10 is magnified by a factor of 5 relative to Figure 9 to help locate the signal generated by the fault and also indi- cates the small size of the reflection produced by the slip interface. Large scattered signals are generated by large values of ZN and Z T . This is discussed further in the next section.
DISCUSSION AND CONCLUSION
Several questions regarding the modeling of slip faults still need to be considered. One of the issues is whether a realistic slip fault will be visible in seismic data when the material parameters are the same on both sides of the fault.
The issue of possible reflection coefficient amplitudes will be discussed below. Another issue that is not so easy to clarify is whether a slip surface is a realistic model for a fault. Initial laboratory experiments of Pyrak-Nolte et al. (1990a) and Hsu and Schoenberg (1993) seem to indicate that the model has some validity when looking at individual fracture surfaces. In addition, Peterson et al. (1993) have shown results obtained from small-scale crosswell experiments that appear to agree with the model. So the question really is whether or not a fault is just a large fracture surface. Alternatively, the question may be posed as to whether fracture compliances assumption that the medium is up-down symmetric relative ZN and/or Z T are significantly larger than zero.
to the fault plane, and that the fault itself has up-down To get an idea of the order of magnitude and the phase symmetry. This is ensured by letting the normal compliance change associated with reflection and transmission from a of the fault be decoupled from the tangential compliances, fault modeled by a slip interface, consider the simplest case i.e., there is no coupling between normal stress on the fault of normal incidence of a plane wave in an isotropic medium and tangential slip, or between shear stress on the fault and on an up-down symmetric (relative to the fault plane) fault. normal slip. In Appendix A, the reflection and transmission coefficient For P and SV propagation in a plane normal to the fault matrices are derived for general fault models embedded in an (the vertical here thought of as normal to the fault), as long arbitrary anisotropic medium, subject only to the simplifying as the fault itself does not couple P-and S V-waves into )0 000 10 offset [m] offset [m] FIG. 6. The scattered wavefield generated by the fault, i.e., the difference between the wavefield in the presence and the absence of the fault. (a) The vertical (normal to the fault) and (b) the horizontal (parallel to the fault) particle velocities. The synthetics calculated using the explicit implementation and the effective medium theory are plotted on top of one another. The results are identical to within the thickness of a line.
SH-waves (which requires Z to be diagonal) the 2-D formuRemembering that the components of Z have dimensions of lation is adequate, and from equation (A-13) substituted into length/stress, let, equation (A-12), subject top 1 = 0 for normal incidence, FIG. 7. The scattered wavefield generated by the fault as in Figure 6 , except now the effective medium theory synthetics are generated with the grid lying at 45 0 to the fault. The source and receiver locations have been rotated to maintain the same experimental geometry. The effective medium results are plotted on top of the synthetics generated using the explicit implementation and as shown in figure 6 .
For normal incidence there can be no converted waves under these conditions. Then for a frequency of 100 Hz, with a = 3000 m/s, R = 1000 m/s, and grid spacing A = 2.5 m, as to what to look for in real data that would reflect the presence of, say, a "blind fault" in relatively homogeneous media. In particular, we have demonstrated the difference in the synthetic seismogram between modeling a normal fault without and with a slip condition across the fault. Second, the model provides a physically realistic way to construct a homogeneous velocity model with arbitrary dipping structure that can be used for testing imaging algorithms without raising the question of whether one has the correct velocity model. Previously, this was possible only under the unrealistic model of a constant velocity medium with significantly inhomogeneous density.
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REFLECTION AND TRANSMISSION OF PLANE WAVES AT A LINEAR SLIP INTERFACE
Schoenberg and Protazio (1992), described a scheme for the calculation of plane-wave reflection and transmission coefficients at an interface between two anisotropic halfspaces. The only restriction on the anisotropy was that both media had to be at least monoclinic (for elasticity, this is equivalent to having a mirror plane of symmetry), each with its mirror plane of symmetry parallel to the interface. For a horizontal interface, we say that both media had to have up-down symmetry.
The special quality of that scheme is that the reflection and transmission coefficient matrices are expressible in terms of two "impedance matrix" functions of horizontal slowness X and Y for each of the media. These matrices, defined in Schoenberg and Protazio (1992) , relate the physical variables to the amplitudes of the down-going plane waves in the medium; i.e., they are defined by
where d is the vector of the particle velocity amplitudes of the possible downgoing (+x 3 propagating) waves, A(x 3 ) is a diagonal matrix whose elements are exp (io x3p 3 .), withp 3Q being the possible values of vertical slowness for the given value of horizontal slowness. The power of this approach comes from the fact that for monoclinic media, if u is the vector of the amplitudes of the possible upgoing waves,
by ( (A-3)
The reflection and transmission coefficient matrices are square 2 x 2 matrices in 2-D, with subscripts P and S. with the first subscript denoting the reflected or transmitted wave type, and the second denoting the incident wave type (in keeping with the subscript convention for matrices). In 3-D, the reflection and transmission coefficient matrices are 3 x 3 with subscripts P. S. and T. Equations (A-3) can be solved easily by premultiplying the first equation by X -1 , the second by Y -1 , adding and solving for T, then subtracting and solving for R. This procedure yields,
which is a valid solution for all noncritical (in the incident medium, i.e., ^ 0, Y ^ 0) horizontal slownesses. The problem to be solved using this formalism is to find T and R when the two media on either side of the interface are the same but particle velocity at the interface is not continuous. Rather the boundary condition is that of a linear slip interface, but note that up-down symmetry when applied to a slip interface, reduces to there being no coupling between normal displacement discontinuity and tangential components of traction (the shear stresses, 0' 5 and v4 ) and also between tangential displacement discontinuity and the normal traction component v 3 . Thus, from the definition of bX and by in either two or three dimensions, the velocity jumps in components that are components of bX or depend on traction components that are components of b y , and vice versa. This may be written in submatrix form as (A-12)
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tal slowness (Schoenberg and Protazio, 1992) . However, for an isotropic medium with compressional speed a, shear speed (3, and density p, the explicit expressions reduce to To verify the effective medium model of a fault we need to be able to compare the results it produces with synthetics generated using an explicit application of the boundary condition. The latter is difficult to implement for arbitrary fault orientation (hence the need for the effective medium theory). However, for the particular case of the fault plane lying parallel to one of the finite-difference grid axes, explicit boundary conditions are relatively straightforward to implement. In this Appendix we outline how this is done. 
